Abstract. In [Don05b] Donaldson gives three operators on a space of Hermitian metrics on a complex projective manifold: T, Tν, TK. Iterations of these operators converge to balanced metrics, and these themselves approximate constant scalar curvature metrics. In this paper we investigate the convergence properties of these iterations by examining the case of the Riemann sphere as well as higher dimensional CP n .
Introduction
Let X be a compact complex manifold with a positive holomorphic line bundle L. A long-standing open problem in Kähler geometry, building on Yau's solution of the Calabi conjecture [Yau78] , is to find sufficient conditions for the existence of a constant scalar curvature Kähler metric in c 1 (L). Another is as follows: can such a metric be obtained naturally as a limit of algebraic metrics via embeddings of X into PH 0 (X, L k )? This idea of approximating Kähler metrics by restricting Fubini-Study metrics, advocated by Yau over the years, has led to the development of a rich theory relating analysis and notions of stability in the sense of geometry invariant theory (see [Yau93] , [Tia90] , [Tia97] , [Don02] ). In a fundamental paper, Donaldson [Don01] showed that, under an assumption on the space of automorphisms, the metrics induced from balanced embeddings [Zha96] of X into projective space by sections of L k converge to the constant scalar curvature metric as k → ∞. The balanced condition means that
(where dµ is the volume form on X induced by the Fubini-Study metric and c is a constant depending on the data (X, L k ) and not on the particular embedding) and this is equivalent to the Chow stability of the embedding [Zha96] , [Luo98] , [PS03] .
Recently [Don05a, Don05b] , Donaldson has devised iterative procedures on the space of Hermitian metrics on H 0 (X, L k ) to find approximations to these balanced metrics. For sufficiently large k, these approximations are close to a constant scalar curvature metric. Explicit numerical computations, focused in the Calabi-Yau case where there are possible applications to string theory, have been obtained in [Don05b] , [DKLR06b] , [DKLR06a] . See also [HW06] , [Kel07a] , and [Rub07] where different methods are used.
Donaldson's three iterative maps T , T ν , and T K , described below, are interesting in their own right. Indeed, as pointed out in [Don05b] , it is likely that these maps can be viewed as discrete approximations to the Ricci and Calabi flows.
Instead of pursuing general questions of existence, in this paper we pick a simple compact complex manifold -the Riemann sphere -and investigate the convergence properties of each of T , T ν , and T K on the space of Hermitian metrics induced from Veronese embedings into CP n . In section 5 we briefly investigate the case CP n when n > 1. There is a natural notion of distance on the space of Hermitian metrics GL(n + 1, C)/U(n + 1), and indeed as k increases this distance function is expected [PS06] to approximate that on the infinite dimensional space of Kähler metrics [Mab87] , [Sem92] , [Don99] , [Che00] . A natural question one might ask is: Are the T, T ν , or T K iterations distance reducing on the space of metrics? In section 3.3 we show that the T operator does not satisfy this property.
One goal of this study was to find an effective bound on the distance between the rth iteration of a metric under T , T ν , or T K and the limiting balanced metric. One is proposed in section 3.3. In section 3.2 we list the observed asymptotic behavior of each of these iterations. In section 4 we give some examples. In section 5 we investigate the case for higher dimensional projective space.
It has recently come to the author's attention that on Julien Keller's web site [Kel07b] one can find a program to compute a Ricci flat metric on a particular K3 surface using the techniques of Donaldson on which this paper is based. More information can be found there. All computations and all graphs in this paper were done using the software Maple 9.
Acknowledgements. The author is grateful to Ben Weinkove for introducing him to this problem, and for answering endless questions. This paper would not have been possible without his help. The author would also like to thank the referee for many useful comments and suggestions which helped to improve this paper.
2 The T , T ν , and T K operators Let X be an n dimensional complex projective manifold, and L → X an ample line bundle. In [Don05b] Donaldson examines three different actions on the space of Hermitian metrics on H 0 (X, L k ): T, T ν , T K . We briefly recall how he defines each.
Given a Hermitian metric G on H 0 (X, L k ) and an orthonormal basis {s i } with respect to G, one defines the Fubini-Study metric h = FS(G) on the line bundle L k by the requirement that i |s i | 2 h = 1. The result is independent of the orthonormal basis chosen. Now given this metric h on L k we define a new Hermitian metric on H 0 (X, L k ), denoted Hilb(h), by
where ω h is the Kähler form − √ −1∂∂ log h and where R is the constant
This defines the T map: T (G) = Hilb(FS(G)).
The T ν map is defined analogously, but instead of the volume form ω n h /n! we fix a volume form ν of our choosing. As above we set
.
where K is the canonical bundle. Again we only modify the volume form, this time choosing
is given as above:
The basic philosophy is that if F = T, T ν , T K and if there exists some balanced metric, then starting with any Hermitian metric G the iterations F (r) (G) should tend to a balanced metric as r tends to infinity (see [Don05b] and also [San06] ). In this paper we will concern ourselves only with a very simple case and study in some detail the properties of this convergence.
Specifically we take as our manifold the Riemann sphere X = CP 1 and line bundle L = O X (1). We note that the presence of the automorphism group SL(2, C) means that, strictly speaking, some aspects of the theory may need to be developed further, in the manner of [Mab05] for example, but since we are focusing on numerical results here we will not dwell on this issue. Fix a holomorphic coordinate z ∈ C.
Hermitian metrics can now be associated with (k + 1) × (k + 1) positive definite Hermitian matrices. For the T ν function we fix our volume form ν as the standard Fubini-Study form
In the case of the T K map we note that
We simplify further by considering only those metrics invariant under the S 1 action z → e iθ z on the Riemann sphere. This restricts our attention to diagonal positive definite Hermitian (k + 1) × (k + 1) matrices G. We will suppose G has entries a
k -taking inverses simplifies later computations -and we will use the notation G = (a 0 , a 1 , . . . , a k )
to denote this metric. Each of T, T ν , and T K is a function of (a 0 , a 1 , . . . , a k ), and in the remainder of this section we write them down explicitly. We begin with T. Taking G as above we can pick the orthonormal basis
and we calculate
where R = (k + 1)/Vol(X, ω h ). Using polar coordinates z = re iθ and setting x = r 2 we getã
Thus after substituting for R we find
By a similar computation, noting the T ν map has the simpler volume form (1), we find
For the T K map the volume form is
and we calculate as above:
Often it is simpler still to work with (S 1 -invariant) metrics invariant under the inversion z → z −1 . We call such metrics palindromic as they are characterized as those metrics (a 0 , a 1 , . . . , a k ) which satisfy
Thus in the palindromic case there are exactly ⌈k/2⌉ real (positive) parameters, while in the non-palindromic case there are k + 1. However we note that for any of the operators F = T, T ν , T K , and any starting metric (a 0 , . . . , a k ), if we let (ã 0 , . . . ,ã k ) denote the metric after an application of F , then we have a relation
This is immediately verified by checking formulas (2), (3), (4).
Findings
In investigating the behavior of the convergence of a sequence of Hermitian metrics we need to decide what we mean when we say two metrics are close. Let M = GL(k + 1, C)/U (k + 1) be the space of Hermitian metrics on CP k . The GL(k + 1, C)-invariant Kähler metric is given by the form g H (U, V ) = tr(H −2 U V ) where U, V are in the tangent space to H on M . Geodesics on M are given by the images of one-parameter subgroups, e.g.
Let A = (a 0 , . . . , a k ), and B = (b 0 , . . . , b k ) be two metrics in M . Writing a i = e αi and b i = e βi for i = 0, . . . , k we find the geodesic from A to B is given by P (t), 0 ≤ t ≤ 1, where P (t) is the diagonal matrix with entries e (βi−αi)t+αi , i = 0, . . . , k. Now we can calculate the distance between A and B as 1 0
One goal is then to understand how well the rth iteration of F = T, T ν , T K applied to a Hermitian metric G approximates the limiting balanced metric
. That is we wish to understand the function
In particular we would like to give an effective bound:
. We propose such a bound in section 3.3.
The balanced metrics
The metrics obtained by taking the coefficients of the polynomial α(1 + cX) k , i.e. a q = αc q k q , for any α, c > 0, are fixed for both the T and the T K maps; it is not for T ν unless c = 1, in which we get the round metric -the only palindromic balanced metrics for any k. This can be explained by the fact that both the T and T K maps respect the induced action of SL(2, C) on the space of metrics, while T ν does not.
Starting with arbitrary G = (a 0 , a 1 , . . . , a k ) it is not entirely clear which balanced metric iterations of any of the operators T, T ν , T K will tend towards; all we can say is the coefficients will be of the form B = (b 0 , . . . , b k ) where b q = αc q k q for some α, c > 0, and if G is palindromic or the operator is T ν then c = 1. We also note that when k = 2 we can calculate the value c as c = a 2 /a 0 and thus the balanced metric will be of the form α(a 0 , 2 √ a 0 a 2 , a 2 ) for some scalar α > 0.
Asymptotic behavior
In the long run the behavior of the iterations of F = T, T ν , T K is predictable. For each function the limiting ratio
exists, and converges to a simple limit. In [Don05b] Donaldson proves that in the case of the T ν iteration and starting with a palindromic metric this σ-value can be computed as
By examining many examples we also observed that if G is not palindromic we get
while in the case of the T iteration we have
and for T K we get
In neither of these latter two cases does it matter if we start with a palindromic metric or not. We see that when k = 2 we have
while for k ≥ 3 we have
with strict inequalities for every k > 3. So in general, if we start with a palindromic metric G we expect that the T ν iterations will converge the most quickly, followed by T K and then by T. Starting with a non-palindromic G the T ν iterations will slow down, and we find that T K will converge fastest. Here T is still slowest to converge.
The effect on distance
Despite this simple long-term behavior of the T, T ν , and T K iterations, the early behavior is still somewhat mysterious. Perhaps one surprising fact along these lines is that in general the T operator is not distance reducing on the space of Hermitian metrics on H 0 CP 1 , O(k) . An example when k = 6 is given in section 4. This is the smallest value of k for which the author has found such an example.
In [CC02] Calabi and Chen show that the Calabi flow is, in a certain sense, distance reducing. Hence it might be surprising that T is not given the expectation that it can be viewed as a discrete version of such a flow.
While it can happen that T (G) is farther from the balanced metric than G is, it does not appear to be the case that it can be arbitrarily farther. Indeed for each of the operators T, T ν , T K the amount it can "magnify" the distance from the balanced metric appears to be simply bounded by a slow function of k. This leads us to conjecture a bound for how far the rth iteration of any of the operators can be from the balanced metric.
Let F = T, T ν , T K , let G be any metric, and set B = F (∞) (G) to be the balanced metric which the dynamical system {F (r) (G), r = 0, 1, 2, . . .} converges to. Recall that we define
Let d denote the initial distance from G to B in the space of Hermitian metrics. Then we propose that in fact err F,k (G, r) < log 1 + e kd σ r F,k
for every k > 1. We do not expect this bound to be sharp.
Examples
In this section we illustrate the findings from section 3 with some examples. We will always scale all metrics uniformly so that the limiting balanced metric begins with a one. Note that each of the operators T, T ν , T K respect scaling. We begin with k = 2 and a non-palindromic metric proportional to G = (1, 17, 36), and consider the T K iterations. According to section 3.1 the limiting balanced metric will be, after scaling, B = (1, 12, 36). Below is a table displaying the results: the first column gives the iteration r; the next three the entries of the metric; the second to last gives the distance from the balanced metric, or err TK ,k (r, G); and the last column gives the bound bnd TK ,k (d, r) = log(1 + e kd σ r TK ,k ) proposed in secion 3.3. We consider another non-palindromic metric, proportional to G = (1, 25, 0.07, 13), with k = 3. We use the T ν operator and list the results of the first few iterations T (r) ν (G) below. We note that the limiting metric is B = (1, 3, 3, 1) . We give one more table, this time beginning with a metric which moves away from the limiting metric after the first application of the operator T. We choose the palindromic G = (1, 6000, 150000, 20000000000, 150000, 6000, 1), with k = 6. Each iterate will be of the form (a 0 , a 1 , a 2 , a 3 , a 2 , a 1 , a 0 ) , so we only keep track of a 0 , a 1 , a 2 , a 3 . Again we uniformly scale so the limiting metric is exactly B = (1, 6, 15, 20, 15, 6, 1). We finish the Riemann sphere case with a visual example of Donaldson's T -iterations. We choose a palindromic metric which we can realize as induced from an embedding of CP 1 into R 3 . In particular we pick G = (1, 300, 300, 300, 1) on H 0 (CP 1 , O(4)), which is a metric obtained if one where to pinch the sphere around two latitudes giving it two narrow necks. See figure 1. Now, in figure 2 we plot the evolution of the metric G under the iterations of T, T K , and T ν , respectively.
Clearly the T iterations are much slower in converging to a round sphere. Not until the 3rd iteration does it become convex. At the other extreme lie the T ν iterations where the first iteration is already almost indistinguishable from a round sphere. Intermediate between the two are the T K iterations. This visually depicts the the observations in section 3.2, where rates of convergence were compared using asymptotic behavior.
Higher dimensional projective space
Let us now investigate the complex projective space X = CP n where n > 1. We will consider exclusively the T ν iteration. Let z 1 , . . . , z n be local coordinates on X = CP n . Let us fix once and for all a volume form ν on X by using that Figure 1 : CP 1 with metric induced from G = (1, 300, 300, 300, 1).
T :
Figure 2: The first four iterations.
induced by the normalized Fubini-Study metric. That is if
is the normalized Fubini-Study metric in local coordinates then we set
It is not hard to check that with this choice of volume form we get
Again we set L = O(1) and fix a k > 0. Note that a basis of H 0 (X, L k ) is given by the set of monomials in the z i of total degree ≤ k. Denote these by w 1 , . . . , w N where N = n+k k . In this set-up we are studying embeddings
As above we take h to be the metric on
is the matrix giving rise to the norm
The matrix G has rows and columns indexed by the terms w i , i = 1, . . . , N . Let us take a diagonal matrix with terms a −1 i . Such a matrix corresponds to an (algebraic) metric invariant under the torus Λ n = (S 1 ) n action z l → e iθ l z l , l = 1, . . . , n.
An orthonormal basis, according to G, is given by
Then in terms of the a i 's the matrix T ν (G) will have diagonal entriesã
Changing to polar coordinates z j = r j exp √ −1 θ j and substituting x j = r 2 j we get
where w(x) denotes the monomial w with the substitutions x k = z k , k = 1, . . . , n.
Asymptotic behavior in higher dimensions
Let us consider the asymptotic behavior of T ν . Recall (see section 3.2) that in the case of n = 1, i.e. when X = CP 1 , we defined
This value depends on whether or not the initial metric G is invariant under the inversion map z → z −1 , or equivalently in homogeneous coordinates Z 0 ↔ Z 1 . In [Don05b] Donaldson computes these values theoretically, and our investigations corroborate his result:
Our goal is to show evidence for a simple extension of this formula valid on X = CP n , n ≥ 1. When n > 1 there are many possible ways to extend the notion of a "palindromic" metric (as we defined in section 2): for the Riemann sphere we have those metrics invariant under Z 0 ↔ Z 1 but in general there are many permutations of the homogeneous coordinates Z 0 , . . . , Z n and it is trivial to check that if G is a metric invariant under such a symmetry then so is T ν (G). We might then expect that there can be distinct values for σ depending on various symmetries the metric G could be invariant under. Thus we may find a different value for each (conjugacy class of) subgroup of Sym(n + 1) -the symmetric group on n + 1 characters -corresponding to metrics G invariant under the automorphisms Z i → Z π(i) , i = 0, 1, . . . , n for π ranging in the subgroup.
We present here some numerical findings in the cases of n = 2 and n = 3. The itereated integrals (equation 12) grow in computational complexity quickly with increasing n.
We start with a metric G which is torus-invariant, but otherwise 'random' in the sense that it is not invariant under any permutation of the homogeneous coordinates. We tabulate approximate numerical values for the asymptotic constant σ here, all computed starting with 'random' (but torus-invariant) metrics: For the moment let us just note that the above values apparently follow the pattern:
When n = 1, the fundamental case which we considered, this formula specializes to (13).
The non-generic case, when G might be invariant under a permutation of the homogeneous coordinate variables we find simple behavior:
• If there is no fixed-point-free permutation of the homogeneous coordinate variables under which G is invariant then σ is the same as computed in the asymmetric case.
• Otherwise suppose G is invariant under some fixed-point-free permutation of the homogeneous coordinate variables. Then we get new values for σ, as tabulated in the following table: σ k = 2 3 4 5 n = 2 0.07 0.14 0.21 0.28 3 0.05 0.11 0.17 0.22
One can check that approximate fractional equivalents to these numbers follow the pattern
We should stress that when n = 1 equation (15), together with (14), specializes to (13). This together with various experimental evidence leads the author to ask the following:
Question 5.1. Let G be a torus-invariant metric arising from a matrix on
, and let B = T ∞ ν (G) be the limiting balanced metric under the T ν iteration. Define
Let us say that G is generally symmetric if it is invariant under some fixedpoint-free permutation of the homogeneous coordinates. Then do we have the general formula
σ G (n, k) = (k−1)k (k+n+1)(k+n+2) if G is generally symmetric k (k+2) otherwise ?(16)
Example computation
To illustrate a typical computation leading to some of the numbers above, take n = 3, k = 4. Then
and a basis of H 0 (CP 3 , O(4)) is (in local coordinates)
We choose a G which is invariant under every permutation of the homogeneous coordinates Z i , i = 0, . . . , 3 (where
). Taking into account these symmetries there are only five distinct basis elements:
In the order the basis elements are listed in (17) -first by degree then lexicographically -these are the 1st, 2nd, 5th, 6th, and 15th elements. In the notation used at the beginning of this section we pick diagonal entries of G: a −1 i in the row and column determined by the basis element w i . Due to the symmetries we will have five parameters:
The iterations of T ν on these parameters -denote them by a i,r , r = 0, 1, . . . , ∞ -will (after uniform scaling) tend toward the values 1, 4, 6, 12, 24 for i = 1, 2, 5, 6, 15 respectively. This can readily be checked by noting the Fubini-Study metric is the balanced metric B. At this point we should recall that the a i coefficients are actually entries in the inverse matrix G −1 , hence the entries of G will tend to 1, 1/4, 1/6, 1/12, 1/24. However it we can compute the approximate σ values via say (note the last equality follows since the a i , r are convergent). Denote this last quotient, within the limit, asσ r+1 . Its value should tend to the σ value determining the asymptotic behavior of the T ν iterations on this metric.
Let us take (a 1 , a 2 , a 5 , a 6 , a 15 ) = (1, 20, 30, 40, 50). The limiting balanced metric will have corresponding coordinates proportional to (1, 4, 6, 12, 24) as noted above. However instead of uniformly scaling all metrics so the result is exactly this metric we will this time scale each metric so that its first coordinate
The case of a non-diagonal matrix (thus corresponding to a metric not invariant under z → e iθ z) was not treated in this paper. Investigating this direction one might see whether the asymptotic values (see equations 9 and 10 in section 3.2, or 16 in section 5.2) remain valid, and whether the bound (11) given in section 3.3 still holds. If the bound does still hold then it would be interesting to work towards a sharp bound.
In another direction one might ask whether or not the operators T, T ν , T K are distance decreasing after the first iteration; or put another way: is the square of each of these operators distance reducing? No counter example to this was found.
The next step is to look beyond CP n , perhaps to toric varieties (see for example [BD08] ), K3 surfaces, Calabi-Yau 3-folds, etc., and work out the same convergence properties of these dynamical systems. It would also be interesting to compare the convergence properties of the T -iterations to those of PDE methods for finding canonical metrics, such as the Ricci flow. All these questions the author hopes to examine later.
